Received: August 3, 2001, Accepted: September 24, 2001

HYPER VERSION

Finite baryon density effects on gauge field dynamics

Dietrich Bödeker

Department of Physics and RIKEN BNL Research Center BNL, Upton, New York 11973, USA E-mail: bodeker@bnl.gov

Mikko Laine

Theory Division, CERN CH-1211 Geneva 23, Switzerland E-mail: mikko.laine@cern.ch

Abstract: We discuss the effective action for QCD gauge fields at finite temperatures and densities, obtained after integrating out the hardest momentum scales from the system. We show that a non-vanishing baryon density induces a charge conjugation (C) odd operator to the gauge field action, proportional to the chemical potential. Even though it is parametrically smaller than the leading C even operator, it could have an important effect on C odd observables. The same operator appears to be produced by classical kinetic theory, allowing in principle for a non-perturbative study of such processes.

Keywords: QCD, Thermal Field Theory, Global Symmetries, Nonperturbative Effects.

Contents

1. Introduction 1

2. Conventions 3

3. Effective action at the static limit 4

4. The non-static case 5 4.1 The 3-point function 5 4.2 Higher point functions 8

5. Classical kinetic theory 10 5.1 Setup 10 5.2 Linear term 12 5.3 Quadratic term 12 5.4 Cubic term 12 5.5 Kinetic equations for the non-abelian case 14 5.6 Possible simplifications of the classical description? 16

6. Conclusions 16

1. Introduction

The properties of QCD at a finite temperature T and chemical potential μ play an important role for the physics of the Early Universe, heavy ion collision experiments, and neutron stars. Despite the presence of a potentially large scale, say T ≫ Λ_{QCD}, QCD however remains sensitive to non-perturbative infrared physics under these conditions [1, 2]. This means that various effective theories may be derived systematically, but the rich phenomena encoded in them (for a recent review, see [3]) may have to be addressed non-perturbatively.

Quite generically, effective theories tend to possess extra symmetries, only broken by higher dimensional operators. A familiar example is weak interaction induced strangeness violation in zero temperature QCD.

Similar phenomena take place also in high temperature physics. For instance, the dimensionally reduced effective field theory [4] describing the thermodynamics of the electroweak sector of the Standard Model has extra symmetries: parity (P) and charge conjugation (C) are only broken by higher dimensional operators [5].

In QCD, perturbative interactions break neither P nor C, but the latter can be broken by the thermal ensemble, if there is a finite baryon density (μ ≠ 0). Indeed, in the dimensionally reduced effective field theory for the thermodynamics of QCD, there is again a new C odd operator, of higher order than the leading C even operator [6].

The purpose of this paper is to address the same phenomenon in the context of the so called Hard Thermal Loop effective theory (for a review and references, see [7]), the generalisation of the dimensionally reduced theory for real time observables. We show that a purely gluonic C odd operator is induced by quark loops. Thus C odd observables may be directly sensitive to non-perturbative bosonic dynamics.

The environment in which we may envisage our results to have significance is mainly that of heavy ion collision experiments. In cosmology the baryon chemical potential is too small to have any significance, μ/T ∼ 10^{−8}. In neutron stars, on the other hand, the interesting part of non-perturbative QCD dynamics appears to be related more to quark pairing near the Fermi surface than to gluons [3].

As far as heavy ion collisions go, precision studies of dimensional reduction show that effective theories of the type considered may be quantitatively accurate down to T ∼ 2T_c [6], [8]–[11]. At the same time, the infrared dynamics described by the effective theories is completely non-perturbative and does not allow for a perturbative treatment at any reasonable temperature [1, 2, 6, 8, 10, 12, 13, 14]. (Apart perhaps from observables such as the free energy density where non-perturbative effects happen to almost cancel out numerically [15].) Direct four-dimensional (4d) lattice simulations are not available either for real time quantities (for a review, see [16]). Thus effective theories appear presently to be the only way of studying quantitatively some interesting non-perturbative processes for phenomenologically relevant temperatures.

Among the C odd processes one could think of are that various correlation lengths, decay rates and oscillation frequencies change, because previously distinct quantum number channels couple to each other in the presence of μ ≠ 0 [17]. In particular the fluctuations of baryon and energy densities are correlated. One could also consider direct C odd observables, such as M = ∑ π�(p^2_+ − p^2_−)/(p^2_+ + p^2_−) [18, 19], where the sum is over the momenta of all charged pions. In addition one may consider contributions from C odd amplitudes to C even observables such as dilepton production [20]. We do not here study any of these applications, though.

The plan of the paper is the following. We fix our basic notation and conventions in section 2, review briefly the effective theory in the static limit in section 3, and present our derivation of the general non-static case in section 4. In section 5 we argue that the result of section 4 is equivalent to another effective description, “classical kinetic theory”, which also allows for a simple numerical lattice implementation. We conclude in section 6.

2. Conventions

The partition function of QCD at a finite temperature T and chemical potential μ is Z = Tr e^{−β(H−μQ)} = ∫ DA_μDψDψ̄ exp ( − 1 ~ S_E ) , (2.1) S_E ≡ ∫_{β~} 0 dτ ∫ d^3x L_E , (2.2)

L_E = 1 2 Tr F_{μν}F_{μν} + ψ̄[γ_μD_μ − γ_0μ]ψ , (2.3)

where β = T^{−1}, H is the hamiltonian, Q is the quark number operator (three times the baryon number operator), boundary conditions over the time direction are periodic for A_μ and antiperiodic for ψ, ψ̄, A_μ = A^a_μT^a, Tr T^aT^b = δ^{ab}/2, D_μ = ∂_μ − igA_μ, F_{μν} = (i/g)[D_μ, D_ν], and the metric is (+ + ++). We set ~ = 1 in the following. As we see from eq. (2.3), the chemical potential corresponds in momentum space to shifting fermionic Matsubara frequencies ω^f_n as ω^f_n → ω^f_n + iμ.

The observables we are fundamentally interested in are real time correlation functions of the type C(t_i, x_i; T, μ) = Z^{−1} Tr e^{−β(H−μQ)} [ O_1(t_1, x_1)O_2(t_2, x_2) . . . ] , (2.4)

where O_i are operators in the Heisenberg picture. As usual, such expectation values can be found by computing first the corresponding objects in the euclidean theory of eqs. (2.1)–(2.3), and performing then an appropriate analytic continuation.

In view of the analytic continuation, we will at a number of points already write the action in Minkowski notation corresponding to the metric g^{μν} = diag (+ − −−). The continuation will be understood to be made by writing τ = it, ∂_τ = −i∂_t, ω_n = −iω, A^E_0 = −iA^M_0 . An additional minus sign is inserted in the relation L_E(τ = it) = −L_M , such that −S_E = − ∫_{β~} 0 dτd^3x L_E → i ∫ dtd^3xL_M ≡ iS_M . (2.5) In the continuation scalar products change as

a_E · b_E = a_μb_μ → −a_M · b_M = −a_μb^μ , (2.6)

where we use the implicit notation that both indices down implies euclidean metric.

We denote the various integrations arising as follows: ∫ x = ∫ d^3x dt ; ∫ p = ∫ d^3p (2π)^3 ;

∫ P = ∫ p ∫ dp_0 (2π)

, P_μ = (p_0, p) ; ∑ ∫ P = ∫ p T ∑ ωn , P_μ = (ω_n, p) , (2.7)

where ω_n are fermionic (ω^f_n) or bosonic (ω^b_n) Matsubara frequencies; and ∫ v = ∫ dΩ_v 4π , v^μ = (1, v^i) , v_μv^μ = 0 , (2.8)

where the integral is over the directions Ω_v of v^i. The corresponding δ-functions are assumed normalized such that ∫ x δ_x = 1. We also denote

δ_+(P^2) ≡ 2θ(p_0) (2π) δ(P^2) , P^2 ≡ P · P , (2.9)

such that ∫ P δ_+(P^2) f(p_0, p) = ∫ p f(ω_P , p) ω_P , ω_P ≡ |p| . (2.10)

All our results will factorise in a form where a phase space integral is left over, which can be carried out explicitly. Let

n_F(ω_P ) = 1 e^{βωP} + 1 , N_±(ω_P ) = n_F(ω_P − μ) ± n_F(ω_P + μ) . (2.11)

Then, irrespective of the relative magnitudes of T, μ, ∫ p N_−(ω_P ) = μ 6 ( T^2 + μ^2 π^2 ) , (2.12) ∫ p N_+(ω_P ) ω_P = − 1 2 ∫ p ∂N_+(ω_P ) ∂ω_P = 1 2 ∂ ∂μ ∫ p N_−(ω_P ) = 1 4 (T 2 3 + μ^2 π^2 ) , (2.13) ∫ p N_−(ω_P )

ω^2_P = − ∫ p 1 ω_P ∂N_−(ω_P ) ∂ω_P = 1 2 ∫ p ∂^2N_−(ω_P ) ∂ω^2_P = 1 2 ∂^2 ∂μ^2 ∫ p N_−(ω_P ) = μ 2π^2

. (2.14)

3. Effective action at the static limit

We start the actual computation by recalling the fermion induced C odd operators in the static limit. This case corresponds to dimensional reduction [4].

In Minkowski notation, charge conjugation can be defined for the bosonic fields as A_μ → −A^∗_μ , D_μ → D^∗_μ , F_{μν} → −F^∗_{μν} . (3.1) Furthermore the Minkowski action S_M should be real. Thus one would expect C odd operators to have an odd number of gauge fields. In a non-abelian case no operator with a single power exists, and hence the lowest non-trivial order is cubic.

Indeed, apart from renormalisation effects, the fermionic contribution (with N_f flavours) to the effective action of the bosonic Matsubara zero modes is δL^f_E N_f = −ig μ 3 ( T^2 + μ^2 π^2 ) Tr A_0 + g^2 2 (T 2 3 + μ^2 π^2 ) Tr A^2_0 +iμ g^3 3π^2

Tr A^3_0 − g^4 12π^2

Tr A^4_0 . (3.2)

The quadratic and quartic terms here conserve C. The linear term breaks C, but is only relevant for an abelian theory where Tr A_0 = A_0; it has been discussed, e.g., in [21]. The cubic term, the first C breaking operator in QCD, has been discussed in [6]. There are no higher order operators involving A_0 only [6, 22]. There are other higher order C breaking operators, though, such as δL^f_E = −iμN_f g^3 3π^2

7ζ(3) (4πT )^2 ( 1 + O ( μ πT )_2) Tr A_0F^2_{ij} , (3.3)

but their contribution is suppressed at least by O(p^2/(2πT )^2), where |p| . gT is the dynamical scale within the effective theory. Therefore we ignore them here.

For future reference, we note that if we define j^ν_a = −(δ/δA^a_ν )S_M in the nonabelian case, and j^ν = −(δ/δA_ν )S_M in the abelian, then, after the analytic continuation discussed around eq. (2.5), eq. (3.2) corresponds to having in the static limit j^a_ν = −δ_{ν0} [ N_f g^2 2 (T 2 3 + μ^2 π^2 ) A^a_0 + μN_f g^3 4π^2 d^{abc}A^b_0A^c_0 ] , (3.4) j_ν = −δ_{ν0} [ μN_f g 3 ( T^2 + μ^2 π^2 ) + N_f g^2 (T 2 3 + μ^2 π^2 ) A_0 + μN_f g^3 π^2

A^2_0 ] , (3.5)

where we have left out the contributions from the last term in eq. (3.2), going beyond the analysis in this paper.

4. The non-static case

We now move to the non-static case, to generalise the effective action in eq. (3.2). To determine the leading bosonic C odd operator in QCD, we compute the graph in figure 1.

4.1 The 3-point function

The computation of the graph in figure 1 is a straightforward exercise. Let us express the result as a contribution to the euclidean action in momentum space. Then, for an arbitrary gauge field configuration A_μ(x), we obtain δS_E = 4 3 g^3N_f ∑ ∫ Q,R,S δ_{Q+R+S} Γ_{μνσ}(Q, R, S) Tr [ A_μ(Q)A_ν(R)A_σ(S) ] , (4.1)

A_μ(Q) A_ν(R)

A_σ(S) Figure 1: The Feynman graph computed in section 4.1.

where Γ_{μνσ}(Q, R, S) = ∑ ∫ P =(ω^f_n+iμ,p) F_{μνσ}(p_0, p) P^2(P − Q)^2(P + S)^2

, (4.2)

F_{μνσ}(p_0, p) = 1 4 Tr [ /P γ_μ(/P − /Q)γ_ν(/P + /S)γ_σ]. (4.3) To evaluate the sum over ω^f_n, we use the contour formula T ∑ n odd f(nπT + iμ) = ∑ poles at Im z ≠ μ

i Res f(z) e^{iβz+βμ} + 1 . (4.4)

In addition we denote

ω^2_P = p^2 , ω^2_{P −Q} = (p − q)^2 , ω^2_{P +S} = (p + s)^2 . (4.5)

To consider only the part odd in C, we replace in the whole expression f(μ) → 1 2 [ f(μ) − f(−μ) ] . (4.6)

Picking up the poles according to eq. (4.4), and using momentum conservation as well as the identity n_F(−ω_P ) = 1 − n_F(ω_P ) (cf. eq. (2.11)), the expression in eq. (4.2) becomes

Γ_{μνσ} = ∫ p { N_−(ω_P ) 4ω_P [ F_{μνσ}(−iω_P , p) [(q_0 + iω_P )^2 + ω^2_{P −Q}][(s_0 − iω_P )^2 + ω^2_{P +S}] − (ω_P → −ω_P ) ] + + N_−(ω_{P −Q}) 4ω_{P −Q} [ F_{μνσ}(q_0 − iω_{P −Q}, p) [(q_0 − iω_{P −Q})^2 + ω^2_P ][(r_0 + iω_{P −Q})^2 + ω^2_{P +S}] − − (ω_{P −Q} → −ω_{P −Q}) ] + + N_−(ω_{P +S}) 4ω_{P +S} [ F_{μνσ}(−s_0 − iω_{P +S}, p) [(s_0 + iω_{P +S})^2 + ω^2_P ][(r_0 − iω_{P +S})^2 + ω^2_{P −Q}] − − (ω_{P +S} → −ω_{P +S}) ]} .

In fact each of these terms gives an identical contribution to eq. (4.1): changing integration variables on the second line such that p → p + q (so that ω_{P −Q} → ω_P ), on the third line such that p → p−s (so that ω_{P +S} → ω_P ), and in the terms obtained with (ω_P → −ω_P ) such that p → −p, we arrive at Γ_{μνσ} = − ∫ p N_−(ω_P ) 16ω^3_P [ F_{μνσ}(−iω_P , p) ( v_E · Q −^{Q2}_{2ωP} )( v_E · S +^{S2}_{2ωP} ) −

− F_{μνσ}(iω_P , −p) ( v_E · Q +^{Q2}_{2ωP} )( v_E · S −^{S2}_{2ωP} ) +

+ ( cyclic permutations of μ, ν, σ; Q, R, S )] , (4.7)

where we have denoted v_{E,μ} = (−i, p_i/ω_P ). But the cyclic permutations are automatically reproduced by the trace in eq. (4.1), so we can replace them by a factor 3.

We now go to Minkowski space as discussed in the paragraph around eq. (2.5), and carry out the small effective coupling expansion. In other words, we look for the leading term in the expansion in small Q/ω_P , R/ω_P , S/ω_P , where parametrically Q, R, S . max(gT, gμ), while the integration variable gets its contributions from ω_P ∼ max(T, μ) (cf. eqs. (2.12)–(2.14)). Naively, the leading term in eq. (4.7) is of order O((QS)^{−1}). This however vanishes after cyclic permutations, due to momentum conservation (cf. eq. (4.11)). There is no term of order O(Q^{−1}) due to the symmetries of the expression, and then the leading term is of order O(Q^0). In order to find it out, we need to know F_{μνσ} to order O(Q^2), because it is multiplied by a term ∼ O((QS)^{−1}).

Taking traces over Dirac gamma matrices in eq. (4.3) (already transformed to Minkowski space and with indices raised), we obtain F^{μνσ}(−iω_P , p) = = 4ω^3_P [ v^μv^νv^σ ] + + 2ω^2_P [ v · Q v^σg^{μν} − v · S v^μg^{νσ} − v^μv^σQ^ν − v^νv^σQ^μ + v^μv^σS^ν + v^μv^νS^σ ] + + ω_P [ −v · Q (g^{σν}S^μ − g^{μν}S^σ − g^{μσ}S^ν) − v · S (g^{μν}Q^σ − g^{νσ}Q^μ − g^{μσ}Q^ν ) − − Q · S (v^νg^{μσ} − v^σg^{μν} − v^μg^{νσ}) − − v^σ(Q^μS^ν + S^μQ^ν ) − v^μ(Q^σS^ν + Q^νS^σ) + v^ν(Q^σS^μ − S^σQ^μ) ] , (4.8)

where now v^μ = (1, p^i/ω_P ), v · v = 0.

The terms odd in ω_P in eq. (4.8) pick up the first and third terms in the expansion of the denominators of eq. (4.7) in Q/ω_P , S/ω_P , while the term even in ω_P picks up the second term. Using in addition momentum conservation to simplify the expression,

A_μ(Q) A_ν(R) A_σ(S) · · · · · · p

Figure 2: The Feynman graphs discussed in section 4.2.

we finally obtain δS_M = − 1 2 g^3N_f ∫ Q,R,S δ_{Q+R+S} Tr [ A_μ(Q)A_ν (R)A_σ(S) ] ∫ p N_−(ω_P )

ω^2_P × × ∫ v [ v^μv^νv^σ (v · Q)(v · R) ( (Q2)2 (v · Q)^2 − Q^2R^2 (v · Q)(v · R) + (R^2)^2 (v · R)^2 ) + + v^μv^νR^σ + v^μv^σR^ν − v^μv^νQ^σ − v^νv^σQ^μ (v · Q)(v · R) ( Q2 v · Q − R^2 v · R ) − − 2 v^σ v · S ( g^{μν} S^2 v · S + R^νS^μ v · R + Q^μS^ν v · Q ) + 2 S^σ v · S g^{μν} ] . (4.9)

This result can still be made more transparent, however. We write the gauge field as

A_μ(Q) = Ã_μ(Q, v) + v^αQ_μ v · Q A_α(Q) , Ã_μ(Q, v) ≡ ( δ^α_μ − v^αQ_μ v · Q ) A_α(Q) , (4.10)

such that v·Ã = 0. It is then straightforward, employing the momentum conservation identity 1 (v · Q)(v · R) + 1 (v · Q)(v · S) + 1 (v · S)(v · R) = 0 , (4.11)

to show that only terms involving Ã_μ(Q, v) survive in eq. (4.9). Furthermore, since Ã_μ(Q, v) is transverse with respect to vμ, only the last term in eq. (4.9) gives a contribution. This result is what would have been obtained if we had relied on the gauge choice v · Ã = 0 [23, 24] to begin with. Going furthermore to x-space, we arrive at δS_M = −g^3N_f ∫ p N_−(ω_P )

ω^2_P ∫ x,v Tr [ Ã_μÃ^μ ( 1 v · ∂ ∂^σÃ_σ )]

= − 1 2π^2 g^3μN_f ∫ x,v Tr [ Ã_μÃ^μ ( 1 v · ∂ ∂^σÃ_σ )] , (4.12)

where the last integral was from eq. (2.14). This is the C odd part of figure 1 at leading order in the small coupling expansion, for Q, R, S . max (gT, gμ) ≪ max (T, μ).

4.2 Higher point functions In a non-abelian theory, the effective action in eq. (4.12) is not explicitly gauge invariant. To obtain a gauge invariant result one has to account also for n-point functions with n > 3 at leading order in g. They contribute to the effective action at the same order as eq. (4.12), if we consider non-perturbative gauge field configurations such that ∂ ∼ gÃ ∼ g^2T . Fortunately such higher point functions can easily be computed, if we rely on the gauge choice v · Ã = 0 [23, 24], as we now show.

Let us first recall the idea behind the gauge choice v·Ã = 0. Once we have carried out the frequency sum in eq. (4.4), we are essentially evaluating the propagator of an on-shell fermion in a background gauge field (see figure 2). Because the fermion is on-shell, the result should be gauge choice independent for each p separately, or equivalently, for each v^μ. Thus we can choose a gauge separately for each v^μ such that v · Ã = 0, carry out a simplified analysis in terms of Ã_μ, and in the end write the result in a gauge invariant form, whereby the gauge choice can be removed.

In this gauge it is easy to see that the only higher point 1-loop graph which can contribute to the term linear in μ (such as in eq. (4.12)) is quartic in Ã. Indeed, after the frequency sum, the result for an n-point function is parametrically of the form (cf. eq. (4.7)) δS_E ∼ ∑ ∫ Q ∫ p N(ω_P ) ω^n_P Tr[ /Ã^n(Q) /P^m /Q^{n−m}] Q^{n−1} , (4.13)

where /Ã = γ_μÃ_μ, 0 ≤ m ≤ n, and Q denotes collectively the soft external momenta. Taking the trace one obtains scalar products of Ã, P and the Q’s. Now if m > n/2, there must be at least one product P^2 or P ·Ã. Both of them vanish: the first because the frequency sum puts us on the pole (cf. eq. (4.7)), and the second because of the gauge choice. Thus the leading p-integral corresponds to m = n/2, and is δS_E ∼ ∑ ∫ Q Ãn(Q) Q^{n/2−1} ∫ p N(ω_P ) ω^{n/2}_P . (4.14)

But this integral can lead to a linear dimensionality, i.e. a term proportional to μ, only for n ≤ 4.

We have thus computed the graph for n = 4, δS_E ∝ g^4N_f ∑ ∫ Q,R,S,T δ_{Q+R+S+T} ∑ ∫ P =(ω^f_n+iμ,p) × Tr [ /P /Ã(Q) (/P − /Q) /Ã(R) (/P − /Q − /R) /Ã(S) (/P + /T ) /Ã(T )] P^2(P − Q)^2(P − Q − R)^2(P + T )^2

. (4.15)

Taking again into account that P^2 = 0 after the frequency sum (cf. eq. (4.7)), that because of the gauge choice, /P anticommutes with /Ã, and that we need the highest power of P possible in the numerator, the relevant part of the trace is Tr [ /P /Ã(Q) /Q /Ã(R) /P /Ã(S) /T /Ã(T )] = 2(P · Q)(P · T )Tr [ /Ã(Q) /Ã(R) /Ã(S) /Ã(T )] . (4.16)

But then the integral remaining is (written now in Minkowski space) δS_M ∼ g^4N_f ∫ Q,R,S,T δ_{Q+R+S+T} ∫ p N_−(ω_P ) ω^2_P ∫ v Tr [/Ã(Q) /Ã(R) /Ã(S) /Ã(T )] v · (Q + R) . (4.17)

This however vanishes, as can be seen using momentum conservation and cyclic permutations of the trace. We thus find that the correct result for the term proportional to μ, including all 1-loop corrections, is already given by eq. (4.12).

The specific gauge choice made can now be relaxed by writing

Ã_μ = 1 v · D v^αF_{αμ} , 1 v · ∂ ∂^σÃ_σ = 1 v · D D^σ 1 v · D v^γ F_{γσ} , (4.18)

where D is the covariant derivative in the adjoint representation. The right hand sides of eq. (4.18) are gauge covariant, and taking the trace in eq. (4.12) makes their product gauge invariant. Thus in an arbitrary gauge we get δS_M=− 1 2π^2 g^3μN_f ∫ x,v Tr ( 1 v·D v^αF_{αμ} )( 1 v·D v^βF_β^μ )( 1 v·D D^σ 1 v·D v^γF_{γσ} ) . (4.19)

This is our final result for the leading bosonic C odd operator, to be added to the usual Hard Thermal Loop action, given in [25].

We have not carried out explicitly the angular integral ∫ v in eq. (4.19). Various such integrals are discussed in [26]. The structure of these integrals is rather nontrivial and it is, for instance, not at all obvious that eq. (4.19) reduces to the third term in eq. (3.2) in the static limit, without carrying out the integration explicitly. We shall return to this issue in the next section, where we find a much simpler way of checking that the correct static limit is reproduced.

5. Classical kinetic theory

In section 4 we computed the leading bosonic C odd operator in the Hard Thermal Loop action, eq. (4.19). The form of this operator is however not particularly useful for any practical applications. Let us therefore show that the same physics is contained in a much simpler description, that of classical kinetic theory [27] (for a review, see [28]). For notational simplicity we shall work within an abelian theory for the moment, and return to the non-abelian case only in section 5.5.

5.1 Setup

We follow here the pedagogic presentation in Ref. [7] (based on the original work in [29, 30, 31]). Let us start with classical electrodynamics, and define

p^α = dx^α dt , dp^α dt = −gF^α_βp^β . (5.1)

Then the collisionless Boltzmann equation for hard particles in a gauge field background becomes df(x, p) dt = p^α ( ∂f ∂x^α + gF_α^β ∂f ∂p^β ) = 0 . (5.2)

Let us note that we may in general assume that

f(x, p) = δ_+(p^2)f̂(x, p) , (5.3)

where δ_+(p^2) is defined as in eq. (2.9), since this form is conserved by eq. (5.2), due to p^αF_α^β ∂ ∂p^β δ(p^2) = 2p^αp^βF_{αβ}δ^′(p^2) = 0 . (5.4)

The derivate of θ(p_0) included in δ_+(p^2) can be safely ignored as well, since it would contribute only at the point p_0 = p = 0, and has no effect after integration over p.

We formally solve eq. (5.2) in powers of gF_{μν}: f = f_0 + f_1 + f_2 + · · · . This leads to the recursion relation p · ∂f_{n+1}(x, p) = −gp^αF_{αβ}(x) ∂f_n(x, p) ∂p_β . (5.5)

The zeroth order gives p · ∂f_0(x, p) = 0 . (5.6) We take as a solution a space-time independent function depending, in view of eq. (5.3), non-trivially only on p_0, parametrized by T, μ, and applying separately to all particle species i:

f^{(i)}_0 = δ_+(p^2) f̂^{(i)}_0 (p_0; T, μ_i) = δ_+(p^2) n_F(p_0 − μ_i) , (5.7)

where n_F(p_0) is in eq. (2.11). Furthermore, antiparticles are always assumed to come with the opposite signs of g and μ than particles. Thus, a single Dirac fermion contributes two degrees of freedom with +g, +μ, two with −g, −μ.

In addition to these equations, we need the definition of the current induced by the hard particles: j^μ(x) = − ∑ i g_i ∫ P p^μf^{(i)}(x, p) . (5.8)

The equations of motion are

S^{free}_M = − ∫ x 1 4 F_{μν} F^{μν}, δ δA_μ S^{free}_M = ∂_νF^{νμ} = j^μ . (5.9)

The expression for j^μ in terms of the background gauge field thus implies a nonlocal effective action S_M = S^{free}_M + δS_M for the gauge fields only, where δS_M is to be determined from δ δA_μ δS_M = −j^μ . (5.10)

5.2 Linear term

Let us now work out explicit expressions. We start by considering f = f_0. Summing over N_f flavours, each with two degrees of freedom with +g, +μ and two with −g, −μ, we obtain from eqs. (5.7), (5.8), j^μ = −2gN_f ∫ P δ_+(p^2) p^μN_−(p_0) = −δ^{μ0} gN_f μ 3 ( T^2 + μ^2 π^2 ) , (5.11)

where we used eqs. (2.10), (2.11), (2.12). Eq. (5.10) is then trivially solved. The result, δS_M = − ∫ x j^0A_0 , (5.12)

reproduces the first term in eq. (3.2) after analytic continuation.

5.3 Quadratic term

For the next term the considerations are well-known, but for completeness we briefly present them here, too. We need

f_1 = −g 1 p · ∂ p^αF_{αβ} ∂f_0 ∂p_β . (5.13)

Inserting into eq. (5.8),

j^μ(x) = ∑ i g^2_i ∫ P ∂f^{(i)}_0 ∂p_β p^μp^α p · ∂ F_{αβ}(x) . (5.14)

As described in [7], this corresponds to the usual Hard Thermal Loop action [25] δS_M = −g^2N_f ∫ p N_+(ω_P ) ω_P ∫ x,v (v^μF_{μρ}) 1 (v · ∂)^2

(v^νF_ν^ρ). (5.15)

To check this result at the static limit, it is actually convenient to start from the form in eq. (5.14) rather than that in eq. (5.15). We shall discuss this is detail for the non-abelian case in section 5.5, and following that argument, it is easy to see that the second term in eq. (3.5) immediately follows from eq. (5.14).

5.4 Cubic term

We then proceed to the next order in gF_{μν}. We are not aware of previous analyses going beyond eq. (5.15) in this way.

To proceed, it is useful to Fourier transform with respect to x: f(x, p) = ∫ Q e^{iQ·x}f(Q, p) , f(Q, p) = ∫ x e^{−iQ·x}f(x, p) . (5.16)

Solving for f_2 from eq. (5.5) and then inserting into eq. (5.8), we obtain

j^μ(Q) = − ∑ i g^3_i ∫ R,S ∫ P δ_{Q−R−S} p^μ ip · Q p^αF_{αβ}(R) ∂ ∂p_β [ 1 ip · S p^δF_{δγ} (S) ∂f^{(i)}_0 ∂p_γ ]

= ∑ i g^3_i ∫ R,S ∫ P δ_{Q−R−S} ∂f^{(i)}_0 ∂p_γ ∂ ∂p_β ( pμ ip · Q ) p^αF_{αβ}(R) 1 ip · S p^δF_{δγ} (S) = − ∑ i g^3_i ∫ R,S ∫ P δ_{Q−R−S} f^{(i)}_0 ∂ ∂p_γ [ ∂ ∂p_β ( pμ p · Q ) (p · R)Ã_β(R)Ã_γ (S) ] , (5.17)

where we carried out two partial integrations and wrote (cf. eq. (4.18)) p^αF_{αβ}(R) = i(p · R)Ã_β(R) = i(p · R)^2 ∂ ∂p^β ( pν p · R ) A_ν(R) . (5.18)

We can now take the partial derivatives ∂/∂p_γ , ∂/∂p_β, using ∂Ã_μ(Q) ∂p^σ = − Q_μ p · Q Ã_σ(Q) , (5.19)

following from eq. (5.18) (or eq. (4.10)). By a change of summation and integration variables we can also symmetrise the expression with respect to (R ↔ S, β ↔ γ), since Ã_β, Ã_γ commute. Using in addition that ∑ i g^3_i f^{(i)}_0 = 2g^3N_f δ_+(p^2) N_−(p_0), (5.20)

we arrive at

j^μ(Q) = g^3N_f ∫ R,S ∫ P δ_{Q−R−S} δ_+(p^2) N_−(p_0) × × [ Q^αg^{βγ} + R^βg^{γα} p · Q p · R + S^γg^{αβ} p · Q p · S ] ∂ ∂p^α ( pμ p · Q ) Ã_β(R)Ã_γ (S) . (5.21)

Let us now show that the same expression is obtained by computing

j^μ(Q) = ∫ x e^{−iQ·x}j^μ(x) = − ∫ x e^{−iQ·x} δ δA_μ(x) δS_M = − ∫ Q0 δ_{Q+Q}0 δ δA_μ(Q^′) δS_M , (5.22) where we used δA^ν(Q^′)/δA_μ(x) = g^{μν}e^{−iQ} 0_{·x} , and we expect (cf. eq. (4.12)) δS_M = −g^3N_f ∫ Q,R,S ∫ P δ_{Q+R+S} δ_+(p^2) N_−(p_0)Ã_α(R)Ã^α(S) Q^γ p · Q Ã_γ (Q) . (5.23)

Indeed, taking derivatives using the right-most side of eq. (5.18) and writing the result again in terms of Ã_β, Ã_γ , we immediately recover eq. (5.21). Thus the C odd operator in eq. (4.19) is reproduced by classical kinetic theory, at least in the abelian case.

It is interesting to note that to reproduce the action in eq. (4.19), we had to carry out two partial integrations in eq. (5.17). In contrast, the static limit, the last term in eq. (3.5), is much more easily obtained from the first row of eq. (5.17). We again postpone the discussion on this to the non-abelian case in the next section.

5.5 Kinetic equations for the non-abelian case

To complete the discussion in the previous sections, we review here briefly the form of the kinetic equations in the non-abelian case, and show that they reproduce the static limit discussed in section 3. Because of a considerable proliferation of formulae, without any additional physical insight involved as far as we can judge, we do not here present a complete non-static analysis, though, as we did for the abelian case.

The simplest way to display the non-abelian kinetic equations is to follow eq. (5.2), but replace f by an N_c × N_c matrix. The collisionless QCD Boltzmann equation (for finer details of terminology, see [27, 28]) for each single fundamentally charged fermionic degree of freedom, and the corresponding gauge current induced, can be written as [ p · D, f ] + g 2 { p^μF_{μν} , ∂f ∂p_ν } = 0 , (5.24) j^a_μ = −g ∫ P p_μTr [ T^af ] . (5.25)

To express this in a more familiar way, we may write the matrix f in terms of a singlet distribution function f̄ and an adjoint (or octet) distribution function f^a: f(x, p) = 1 N_c f̄(x, p) + 2T^af^a(x, p) . (5.26)

Projecting then eq. (5.24) with Tr [. . .] and Tr [T^a . . .], the equations obtain their usual forms (with our sign conventions) [27, 28], p · ∂f̄ + gp^μF^a_{μν} ∂f^a ∂p_ν = 0 ,

(p · D)^{ab}f^b + g 2 d^{abc}p^μF^b_{μν} ∂f^c ∂p_ν + g 2N_c p^μF^a_{μν} ∂f̄ ∂p_ν = 0 ,

j^a_μ = − ∑ i g_i ∫ P p_μf^{a(i)} . (5.27)

When computing the current, each quark flavour now comes with N_c colours, in addition to two spin degrees of freedom, both for particles and for anti-particles.

The equations can again be solved iteratively in gF_{μν} : f = f_0 + f_1 + f_2 + · · · . At the zeroth order,

f̄^{(i)}_0 = δ_+(p^2) n_F(p_0 − μ_i) ,

f^{a(i)}_0 = 0 . (5.28)

Iterating this, we obtain at the first and second order, f̄^{(i)}_1 = 0 , (5.29) (p · D)^{ab}f^{b(i)}_1 = − g_i 2N_c p^μF^a_{μ0} δ_+(p^2) n^′_F(p_0 − μ_i) , (5.30)

p · ∂f̄^{(i)}_2 = −g_ip^μF^a_{μν} ∂f^{a(i)}_1 ∂p_ν , (5.31)

(p · D)^{ab}f^{b(i)}_2 = − g_i 2 d^{abc}p^μF^b_{μν} ∂f^{c(i)}_1 ∂p_ν . (5.32) In order to argue that these equations contain the same physics as eq. (4.19), we shall complement the full proof for the abelian case in section 5.4, by showing that the full non-abelian static limit of eq. (3.4) is also reproduced. To demonstrate the latter point, we start from the first order in gF_{μν}. In eq. (5.30) we can write p^μF^a_{μ0} = (p · DA_0)^a − ∂_0(p^μA^a_μ) = (p · D)^{ab}A^b_0 , (5.33) so that f^{a(i)}_1 = − g_i 2N_c A^a_0 δ_+(p^2) n^′_F(p_0 − μ_i) . (5.34) Inserting into eq. (5.27), we obtain j^a_μ = − ∑ i g_i ∫ P p_μf^{a(i)}_1 = g^2N_f A^a_0 ∫ P p_μ δ_+(p^2) N^′_+(p_0)

= δ_{μ0} g^2N_f A^a_0 ∫ p N^′_+(ω_P ) . (5.35)

After use of eq. (2.13), this agrees with eq. (3.4).

The equation for f^a_2 , on the other hand, becomes

(p · D)^{ab}f^{b(i)}_2 = g^2_i 4N_c d^{abc}p^μF^b_{μ0}A^c_0 δ_+(p^2) n^{′′}_F(p_0 − μ_i) = g^2_i 4N_c d^{abc}(p · DA_0)^bA^c_0 δ_+(p^2) n^{′′}_F(p_0 − μ_i) . (5.36) Here d^{abc}(p · DA_0)^bA^c_0 = 1 2 (p · D)^{ab}(d^{bcd}A^c_0A^d_0) , (5.37) so that f^{a(i)}_2 = g^2_i 8N_c d^{abc}A^b_0A^c_0 δ_+(p^2) n^{′′}_F(p_0 − μ_i) . (5.38) Carrying out the sum over i in eq. (5.27), we finally get j^a_μ = − 1 4 g^3N_f d^{abc}A^b_0A^c_0 ∫ P p_μ δ_+(p^2) N^{′′}_−(p_0) = −δ_{μ0} 1 4 g^3N_f d^{abc}A^b_0A^c_0 ∫ p N^{′′}_−(ω_P ) . (5.39)

Using eq. (2.14), this agrees with eq. (3.4).

5.6 Possible simplifications of the classical description? We have argued that classical kinetic theory should reproduce the results of the Hard Thermal Loop effective theory even for C odd observables, thus correctly representing the infrared physics of the system. It has however some merits over the Hard Thermal Loop action: it is local, directly minkowskian and, involving only the solution of classical equations of motion, can be implemented numerically without the need for analytic continuation. Moreover, judging from non-perturbative studies of dimensional reduction, such numerical results should be at least qualitatively reliable for T ∼ (2T_c, ∞).

In full generality, the classical distribution functions f(x, p) depend on (4+4) coordinates. If one wants to proceed towards numerical implementation, it is best to reduce the dimensionality of the phase space. As we have discussed, f(x, p) = δ_+(p^2)f̂(x, p), and the dependence can thus be reduced to, say, the spatial components p. This (4+3) dimensional problem can already be managed on the lattice [32]. However, for the usual C even case one can carry out a further simplification, by writing in eq. (5.30) f^{a(i)}_1 = − g_i 2N_c δ_+(p^2) n^′_F(p_0 − μ_i) W^a_1 (x, v) , (5.40)

and performing the sum over i and the integral over p_0 in eq. (5.27), reducing thus the dependence only to angular variables and a total of (4+2) dimensions. Further simplifications in the angular variables (like an expansion in spherical harmonics [33, 34]) may also be possible.

It is then natural to ask whether a similar simplification could be made in the presence of f^{a(i)}_2 . In order to have a proper statistical weighting of the initial conditions for the time evolution, one should also work out a hamiltonian formulation in terms of the gauge fields A^a_i , E^a_i ≡ F^a_{0i} and W^a_1 , W^a_2 , an issue which is not altogether trivial [35, 36]. We have not carried out these constructions, but are not aware of any a priori fundamental problems in doing so.

6. Conclusions

In this paper we have addressed the computation of real time observables in QCD at finite temperatures and densities.

Most of the physical observables one can think of are not computable in perturbation theory, due to infrared problems. Real time observables are not well suited for direct 4d lattice simulations, either. However, it is possible to use perturbation theory to construct an effective description of the infrared dynamics. If simple enough, this could then be studied by non-perturbative means.

We have here completed the bosonic sector of the Hard Thermal Loop effective theory for real time observables, by computing the leading C odd operator induced by a finite density. This operator is of a relatively simple form (eq. (4.19)) and, as we have argued, is reproduced by classical kinetic theory, whose equations of motion are local (section 5.5).

The classical kinetic theory can then be studied on the lattice, as has been demonstrated in the case of the sphaleron rate in the electroweak theory [32, 34], as well as in the case of the defect formation rate in scalar electrodynamics [33]. Strictly speaking there are still problems in finding a formulation which has a well-defined continuum limit [37], but these may not be important for practical applications, in which one may hope to find an intermediate scaling window allowing to extract physical results.

When the chemical potential is turned on, the further problem arises that the “hamiltonian” determining the thermal distribution of initial conditions is complex, resulting in a “sign problem”: standard Monte Carlo methods are not efficient in sampling the configuration space, when one is close to the thermodynamic (infinite volume) limit. Numerical tests in the static case have shown, though, that in practice one can reach large enough volumes before the sign problem starts to reduce the signal-to-noise ratio in any significant way [6, 38].

Thus, it seems that a numerical determination of many non-perturbative real time quark-gluon plasma observables may become feasible, using classical kinetic theory.

Acknowledgments

The work of M.L. was partly supported by the TMR network Finite Temperature Phase Transitions in Particle Physics, EU Contract No. FMRX-CT97-0122. D.B. would like to thank RIKEN-BNL and the U.S. Department of Energy (Contract No. DE-AC02-98CH10886) for financial support and for providing the facilities essential for the completion of this work.

References

[1] A.D. Linde, Infrared problem in thermodynamics of the Yang-Mills gas, Phys. Lett. B 96 (1980) 289.

[2] D.J. Gross, R.D. Pisarski and L.G. Yaffe, QCD and instantons at finite temperature, Rev. Mod. Phys. 53 (1981) 43.

[3] K. Rajagopal and F. Wilczek, The condensed matter physics of QCD,

hep-ph/0011333.

[4] P. Ginsparg, First order and second order phase transitions in gauge theories at finite temperature, Nucl. Phys. B 170 (1980) 388;

T. Appelquist and R.D. Pisarski, High-temperature Yang-Mills theories and threedimensional Quantum Chromodynamics, Phys. Rev. D 23 (1981) 2305.

[5] K. Kajantie, M. Laine, K. Rummukainen and M.E. Shaposhnikov, High temperature dimensional reduction and parity violation, Phys. Lett. B 423 (1998) 137 [hep-ph/9710538].

[6] A. Hart, M. Laine and O. Philipsen, Static correlation lengths in QCD at high temperatures and finite densities, Nucl. Phys. B 586 (2000) 443 [hep-ph/0004060].

[7] R.D. Pisarski, Non-abelian Debye screening, tsunami waves and worldline fermions,

hep-ph/9710370.

[8] K. Kajantie, M. Laine, K. Rummukainen and M.E. Shaposhnikov, 3d SU(N) + adjoint Higgs theory and finite-temperature QCD, Nucl. Phys. B 503 (1997) 357 [hep-ph/9704416].

[9] F. Karsch, M. Oevers and P. Petreczky, Screening masses of hot SU(2) gauge theory from the 3d adjoint Higgs model, Phys. Lett. B 442 (1998) 291 [hep-lat/9807035].

[10] A. Hart and O. Philipsen, The spectrum of the three-dimensional adjoint Higgs model and hot SU(2) gauge theory, Nucl. Phys. B 572 (2000) 243 [hep-lat/9908041].

[11] P. Bialas, A. Morel, B. Petersson, K. Petrov and T. Reisz, High temperature 3d QCD:

dimensional reduction at work, Nucl. Phys. B 581 (2000) 477 [hep-lat/0003004].

[12] E. Braaten and A. Nieto, On the convergence of perturbative QCD at high temperature, Phys. Rev. Lett. 76 (1996) 1417 [hep-ph/9508406].

[13] K. Kajantie, M. Laine, J. Peisa, A. Rajantie, K. Rummukainen and M. Shaposhnikov, Non-perturbative Debye mass in finite T QCD, Phys. Rev. Lett. 79 (1997) 3130 [hep-ph/9708207].

[14] M. Laine and O. Philipsen, Gauge-invariant scalar and field strength correlators in 3d, Nucl. Phys. B 523 (1998) 267 [hep-lat/9711022]; The non-perturbative QCD Debye mass from a Wilson line operator, Phys. Lett. B 459 (1999) 259 [hep-lat/9905004].

[15] K. Kajantie, M. Laine, K. Rummukainen and Y. Schroder, How to resum long-distance contributions to the QCD pressure?, Phys. Rev. Lett. 86 (2001) 10 [hep-ph/0007109].

[16] D. Bödeker, Non-equilibrium field theory, Nucl. Phys. 94 (Proc. Suppl.) (2001) 61 [hep-lat/0011077].

[17] P. Arnold and L.G. Yaffe, The non-abelian Debye screening length beyond leading order, Phys. Rev. D 52 (1995) 7208 [hep-ph/9508280].

[18] S. Bronoff and C.P. Korthals Altes, Phase diagram of 3d SU(3) gauge-adjoint Higgs system and C-violation in hot QCD, Phys. Lett. B 448 (1999) 85 [hep-ph/9811243].

[19] D.E. Kharzeev, R.D. Pisarski and M.H.G. Tytgat, Aspects of parity, CP and time reversal violation in hot QCD, hep-ph/0012012.

[20] A. Majumder and C. Gale, Dileptons from a quark gluon plasma with finite baryon density, Phys. Rev. D 63 (2001) 114008 [hep-ph/0011397].

[21] S.Yu. Khlebnikov and M.E. Shaposhnikov, Melting of the Higgs vacuum: conserved numbers at high temperature, Phys. Lett. B 387 (1996) 817 [hep-ph/9607386].

[22] C.P. Korthals Altes, R.D. Pisarski and A. Sinkovics, The potential for the phase of the Wilson line at nonzero quark density, Phys. Rev. D 61 (2000) 056007 [hep-ph/9904305].

[23] J. Frenkel and J.C. Taylor, Hard terminal QCD, forward scattering and effective actions, Nucl. Phys. B 374 (1992) 156;

J. Frenkel, E.A. Gaffney and J.C. Taylor, High temperature field theory in curved space-time, Nucl. Phys. B 439 (1995) 131.

[24] P. Elmfors, T.H. Hansson and I. Zahed, A simple derivation of the hard thermal loop effective action, Phys. Rev. D 59 (1999) 045018 [hep-th/9809013].

[25] E. Braaten and R.D. Pisarski, Simple effective lagrangian for hard thermal loops, Phys.

Rev. D 45 (1992) 1827.

[26] J. Frenkel and J.C. Taylor, High temperature limit of thermal QCD, Nucl. Phys. B 334 (1990) 199.

[27] U.W. Heinz, Kinetic theory for non-abelian plasmas, Phys. Rev. Lett. 51 (1983) 351.

[28] H.-T. Elze and U.W. Heinz, Quark-gluon transport theory, Phys. Rep. 183 (1989) 81.

[29] V.P. Silin, On the electromagnetic properties of a relativistic plasma, Zh. Eksp. Teor.

Fiz. 38 (1960) 1577 [Sov. Phys. JETP 11 (1960) 1136].

[30] P.F. Kelly, Q. Liu, C. Lucchesi and C. Manuel, Deriving the hard thermal loops of QCD from classical transport theory, Phys. Rev. Lett. 72 (1994) 3461 [hep-ph/9403403]; Classical transport theory and hard thermal loops in the quark-gluon plasma, Phys. Rev. D 50 (1994) 4209 [hep-ph/9406285].

[31] F.T. Brandt, J. Frenkel and J.C. Taylor, High temperature QCD and the classical Boltzmann equation in curved space-time, Nucl. Phys. B 437 (1995) 433 [hep-th/9411130].

[32] G.D. Moore, C.-R. Hu and B. Müller, Chern-Simons number diffusion with hard thermal loops, Phys. Rev. D 58 (1998) 045001 [hep-ph/9710436].

[33] A. Rajantie and M. Hindmarsh, Simulating hot abelian gauge dynamics, Phys. Rev.

D 60 (1999) 096001 [hep-ph/9904270].

[34] D. Bödeker, G.D. Moore and K. Rummukainen, Chern-Simons number diffusion and hard thermal loops on the lattice, Phys. Rev. D 61 (2000) 056003 [hep-ph/9907545].

[35] J.P. Blaizot and E. Iancu, Kinetic equations for long wavelength excitations of the quark-gluon plasma, Phys. Rev. Lett. 70 (1993) 3376 [hep-ph/9301236]; J.P. Blaizot and E. Iancu, Soft collective excitations in hot gauge theories, Nucl. Phys. B 417 (1994) 608 [hep-ph/9306294].

[36] V.P. Nair, Hard thermal loops, gauged WZNW action and the energy of hot quarkgluon plasma, Phys. Rev. D 48 (1993) 3432 [hep-ph/9307326]; Hamiltonian analysis of the effective action for hard thermal loops in QCD, Phys. Rev. D 50 (1994) 4201 [hep-th/9403146].

[37] D. Bödeker, L.D. McLerran and A. Smilga, Really computing non-perturbative real time correlation functions, Phys. Rev. D 52 (1995) 4675 [hep-th/9504123]; D. Bödeker, A local Langevin equation for slow long-distance modes of hot non-abelian gauge fields, Phys. Lett. B 516 (2001) 175 [hep-ph/0012304].

[38] A. Hart, M. Laine and O. Philipsen, Testing imaginary vs. real chemical potential in finite-temperature QCD, Phys. Lett. B 505 (2001) 141 [hep-lat/0010008].